Abstract. We study super parallel transport around super loops in a quotient stack, and show that this geometry constructs a global version of the equivariant Chern character.
Introduction
Let V → M be an equivariant vector bundle. The image of the equivariant K-theory class [V ] ∈ K G (M ) under complexification,
is a version of the equivariant Chern character, called the delocalized or global equivariant Chern character, e.g., see [Ro03, FHT07] . By the Atiyah-Segal completion theorem [AS69] , it encodes strictly more information than the equivariant Chern character valued in 2-periodic Borel equivariant cohomology, H G (M ; C). Indeed, when M = pt the map (1) takes the character of (virtual) G-representations as functions on G, and the Taylor expansion of this function at the identity e ∈ G is the Chern character valued in H G (pt; C). More generally, for each g ∈ G, the image of [V ] under (1) remembers information about the restriction of V to each fixed point set M g analogous to the information of the character of a representation evaluated at g.
Endowing V with an invariant connection ∇, Duflo-Vergne [DV93] and Block-Getzler [BG94] construct a differential-geometric description of (1). Owing to the Chern characters obtained at each g ∈ G, they call this a bouquet of Chern characters. Among other applications, they explain how this plays an important role in certain versions of geometric quantization [DV93, Ver94] . Their construction (see §A) uses Chern-Weil theory, starting with the definition of the equivariant curvature form. Typically this definition is motivated by desirable algebraic features in connection with the algebra of equivariant differential forms. Although this approach has beautiful consequences, it makes the geometric origin of the bouquet of Chern characters somewhat obscure.
One geometric interpretation of (ordinary) curvature comes from parallel transport around infinitesimal loops. The goal of this paper is to show that for a manifold M with a G-action, the bouquet of Chern characters (and with it, the equivariant curvature) comes from parallel transport around an appropriate version of infinitesimal super loops in the quotient stack M / /G. From this perspective, the complexity of these objects is a reflection of the fact that the loop space of M / /G is richer than the loop space of M with a G-action. An equivariant loop has as data a path γ : [0, 1] → M together with g ∈ G such that γ(0) = g · γ(1). In particular, constant equivariant loops encode all the fixed point sets M g for all g ∈ G. We use super geometry to define a precise notion of infinitesimal loops, so that the bouquet of Chern characters is a function on a certain equivariant super loop space. The analogous result in the non-equivariant setting is the construction of the (ordinary) Chern character via super holonomy in the second named author's thesis [Han08] .
Let µ : G × M → M be the action of a compact Lie group G on a smooth manifold M and (V, µ V , ∇) be an equivariant vector bundle with action map µ V : G × V → V and Date: October 10, 2016.
invariant connection ∇. Let p : G × M → M be the projection, and Z(g) denote the Lie algebra of the stabilizer of g.
Theorem 1.1. Equivariant super parallel transport defines a section
that when restricted to {g} × Z(g) × M g determines a section of the endomorpism bundle of p * V whose trace is the contribution to the bouquet of Chern characters of (V, µ V , ∇) at g ∈ G. These traces are the equivariant super holonomy of V on constant equivariant super loops in M .
Our conceptual framework is motivated by Stolz and Teichner's program to realize supersymmetric field theories as cocycles for generalized cohomology theories. Just as geometric models for de Rham cohomology and K-theory lead to interesting equivariant refinements, one intriguing aspect of Stolz and Teichner's proposal is a connection between gauged field theories and equivariant cohomology theories ( [ST11, HSST] ). Theorem 1.1 can be understood as a concrete verification of this idea in one example: the bouquet of Chern characters determines a class in K G (M ) ⊗ C, and equivariant super paths are the fields for the version of gauged super symmetric quantum mechanics relevant to the physics proof of the equivariant index theorem [AG83] . The ordinary Chern character has a loop space lifting called the Bismut-Chern character [B85] , which can be interpreted as a dimension reduction functor for supersymmetric Euclidean field theories [HST] . We will study the equivariant Bismut-Chern character [B85] in the framework of gauged field theories in a forthcoming project.
Super parallel transport and the (ordinary) Chern character
We start by reviewing the construction of the Chern character via super parallel transport in a manner that generalizes to the equivariant setting. We follow the conventions for supermanifolds and super Lie groups in [DM99] . Super parallel transport was first constructed by Dumitrescu [D06] .
2.1. The super Lie group E 1|1 . Let E 1|1 denote the super Lie group whose underlying super manifold is R 1|1 with group structure
The Lie algebra of E 1|1 is freely generated (as a super Lie algebra) by a single odd element D = ∂ θ + θ∂ t . The reduced group of E 1|1 is E ∼ = R with the usual group operation from addition. The Lie algebra of E is free on a single even generator, so in this sense E
1|1
provides an odd or super-analog of this familiar Lie group.
By differentiating at the identity, an E 1|1 -action on a super manifold S determines an odd vector field that is the infinitesimal action by D. Conversely, given an odd vector field X on a super manifold S for which the (even) vector field X 2 = 1 2 [X, X] on the reduced manifold of S generates a flow, we obtain an E 1|1 -action on S. This follows from the description of super Lie group actions in terms of the action of the reduced group (in this case R) and a compatible action by the super Lie algebra of the group [DM99] .
, which we call the super translation action. The odd vector field associated with this action is D. We call the action by E < E 1|1 on R 1|1 the even translation action.
Example 2.2. For a compact manifold M with G-action, any element X ∈ g defines an E 1|1 -action on ΠT M generated by the odd derivation d−ι X acting on Ω
2.2. Super path and super loop spaces. Define the super path space sP(M ) as the presheaf on super manifolds
The constant super paths are the subsheaf of sP(M ) invariant under even translations so that they factor as
where the first arrow is the fiberwise quotient map by the action of E < E 1|1 on R 1|1 . The universal family for these constant maps is the super manifold S = SMfld(R 0|1 , M ), and the universal map γ is determined by the evaluation map
adjoint to the identity map. On functions, after identifying
where t Z denotes the action by translations of Z ⊂ E ⊂ E 1|1 on R 1|1 . We denote this sub-presheaf by sL(M ) ⊂ sP(M ) and call it the super loop space of M . The inclusion of the constant super paths SMfld(R 0|1 , M ) into sP(M ) factors through the super loops,
2.3. Super parallel transport. Let (V, ∇) be a vector bundle on M , and γ : R 1|1 ×S → M a family of super paths.
To get a better flavor for the super parallel transport equation, it is instructive to study it in components, which are defined as
the canonical inclusion of the fiberwise reduced manifold. These are a vector bundle version of the standard Taylor expansion of a function on R 1|1 in the odd variable θ, and it's easy to check (e.g., in a local trivialization) that a section is determined by its components. Note that s 0 and s 1 are sections of V and ΠV pulled back along a super family of ordinary paths,
Proposition 2.4. A section is super parallel if and only if its components satisfy
where F ∈ Ω 2 (M ; End(V )) is the curvature 2-form of ∇ and ι D is contraction with D.
Proof. To simplify notation below, set ∇ = γ * ∇. Using the definitions (3), we compute
where we used
So the equation ∇ D s = 0 is equivalent to the claimed equations in the proposition.
Since s 1 ≡ 0 for all t, the above lemma allows one to view super parallel transport as a single differential equation involving s 0 over R × S. In local coordinates, one can check that this reduces to an ordinary first order differential equation so the usual existence and uniqueness of solutions apply for an initial condition s 0 (t 0 ).
2.4.
Super holonomy on constant super loops and the Chern character. Now we study the super parallel transport formula on the constant super loops
ΠT M → M be the projection, and note that after identifying ΠT M ∼ = SMfld(R 0|1 , M ), we have i 0 • ev = p for ev and i 0 as in (2) and (4), respectively.
Lemma 2.5. Let (V, ∇) be a vector bundle with connection on M . Under the identification,
Proof. It suffices to check the statement locally.
Working in a local trivialization of V , this shows that i * 0 (ev * F (D, D)) is identified with the claimed endomorphism-valued form.
From the lemma, the super parallel transport equation on constant super paths reads
where now F does not depend on t. We have the solution,
for an initial value s 0 (0). Hence in this case super parallel transport is identified with
so that sPar(V, ∇, t)(s 0 (0)) = s 0 (t) solves the initial value problem.
Definition 2.6. The super holonomy on the constant super loops is the endomorphism (5)
From (5), the following is clear.
Theorem 2.7. The trace of the super holonomy on constant super loops coincides with the Chern character,
as a closed even form on M .
Equivariant super paths and equivariant super parallel transport
For a G-manifold M , the natural generalization of a super path in M is maps into the quotient stack,
where P → R 1|1 × S is a G-bundle and P → M is a G-equivariant map. We will make sense out of super parallel transport for sections s ∈ Γ(P, γ * G V ) for (V, ∇) an equivariant vector bundle with invariant connection. For this to work, we require a lift of the vector field D to P . A connection A on P gives a unique such lift of D which we denote by D A . Since the connection is crucial part of the story, we define an S-family of equivariant super paths to be a map as in (6) together with a connection A on the G-principal bundle P . 
for γ : P → M a smooth map. We call (7) the equivariant super parallel transport equation.
As per the ordinary Chern character, we will focus attention on constant equivariant paths with constant connections. Constancy will mean that R 1|1 × S → M / /G factors through the quotient (S × R 1|1 /E) (so P pulls back from a G-bundle on R 0|1 × S) and the connection A is gauge-equivalent to an S-family of connections on G-bundles on R 0|1 .
3.1. The equivariant super path space. For a trivial G-bundle G × Σ × S → Σ × S, an S-family of connections can be identified with a 1-form,
In the case at hand with Σ = R 1|1 , all G-bundles are trivializable (locally in S) so a map
into the quotient stack is isomorphic (locally in S) to an equivariant map
With this simplification in play, we make the following definition.
Definition 3.2. For M a manifold with G-action, the presheaf of equivariant super paths, denoted sP(M / /G), has as S-points pairs (γ G , A) where
Remark 3.3. In truth, equivariant super paths form a sheaf of groupoids (i.e., a stack) where isomorphisms come from gauge transformations between equivariant super paths. These are maps g : R 1|1 × S → G that acts on the map γ G by precomposing with the G-action on the fibers of the G-bundle, and changes A by the gauge transformation formula,
where Θ is the Maurer-Cartan form; g * Θ = d log(g) for matrix groups. Gauge transformations fit together with the translational action E 1|1 on R 1|1 × S to give an action of
We'll make limited use of this additional structure, so for simplicity work with the presheaf (of sets) sP(M / /G). However, working with the stack has its benefits. For example, the groupoid of G-bundles with connection over R 0|1 provides a model for equivariant de Rham cohomology; see [HSST] for details. Definition 3.2 gives an isomorphism of presheaves, sP(M / /G) ∼ = sP(M ) × Ω 1 (R 1|1 ; g). Indeed, any map γ G necessarily factors as
so is determined by a map γ :
3.2. Equivariant super parallel transport for constant G-connections. An E-invariant connection pulls back from R 0|1 , meaning it is in the image,
. For a choice of coordinate θ on R 0|1 such connections take the form,
As per Remark 3.3, we can see that the gauge transformation e −θα : S × R 1|1 → G has the effect
Hence, any G-connection on R 0|1 is gauge equivalent to one of the form A = θdθ ⊗ a. This justifies the following definition.
Definition 3.4. A constant G-connection for an equivariant super path is one of the form A = θdθ ⊗ a for a ∈ g(S).
The horizontal lift D A of D with respect to the connection A = θdθ ⊗ a is
where we regard a ∈ g(S) as determining a vector field on G × S, and hence D A determines a vector field on G × R 1|1 × S.
Remark 3.5. Another interpretation of D A is that it is the essentially unique lift of D preserving a constant G-connection A. Indeed, the action of (s, η) ∈ E 1|1 (S) on A generated by D is A → (θ + η)dθ ⊗ a = A + ηdθ ⊗ a, while the action of gauge transformations by exp(−ηθa)
Hence, the sums of the derivatives of these actions at (s, η) = (0, 0) preserves A. The derivative of the first action at zero is the vector field D, and the derivative of the second action at zero is −θa, showing that A is invariant under D A = D − θa. This vector field is closely related to the Cartan differential in a gauged field theory model for equivariant de Rham cohomology; see [HST] .
We now analyze the equivariant super parallel transport for constant G-connections in component fields.
Proposition 3.6. For a constant G-connection A, a section is equivariantly super parallel if and only if its components satisfy
where F is the curvature 2-form of ∇, a is the (even) vector field on G × R × S associated with the connection A, and ∂ t is the vector field on G × R × S associated with translations in R. Hence, this coincides with the non-equivariant super parallel transport equation with an extra term involving a.
Proof. Applying the same argument as in the non-equivariant setting, we find that the super parallel transport equation is equivalent to
With (i * 0 γ * ∇) =: ∇ 0 , we can re-express this as
where we use that i * 0 (θ) = 0, and so the terms involving θι a can be discarded. This gives the claimed equation.
3.3. Equivariant super parallel transport on constant equivariant super paths.
Definition 3.7. The presheaf of constant equivariant super paths, denoted sP 0 (M / /G), has as S-points constant G-connections A = θdθ ⊗ a ∈∈ Ω 1 S (R 1|1 /E; g) and equivariant maps
Above, the map γ G is determined by γ :
This gives a description of constant equivariant super paths as the presheaf
The universal map γ G to M is determined by the evaluation γ = ev
where pr projects out R 1 and g. 
where for each a ∈ g, F + [ι a , ∇] is a differential forms on G × M valued in endomorphisms of µ * V and we have identified
using the isomorphism functions on SMfld(R 0|1 , M ) and differential forms on M .
Proof. From Proposition 3.6, we need only translate the equation involving s 0 into differential forms via (11). Since the connection (and therefore its curvature) are G-invariant, the pullback of F along the action map µ : G × M → M coincides with the pullback along the projection to M . This allows us to identify F with the pullback of the curvature term from the nonequivariant case along the projection G × SMfld(R 0|1 , M ) → SMfld(R 0|1 , M ). For the remaining term, we write a section of the pullback of V along γ G as f ⊗ s for s a section of µ * V over G × M and f ∈ C ∞ (ΠT M ). Then we have
The Lie derivative term is the Cartan formula together with the fact that f has cohomological degree zero. Note there are no signs because f has cohomological degree zero and ∇ has super degree zero.
Viewing C ∞ (ΠT M ) as differential forms on M and a section of the pullback of V as a differential form ω valued in a section s on R × M , we have
But then ι a d = L a − dι a , and since the cohomological degree of ω need not be zero, dι a and ∇ι a need not act by zero:
Comparing with (12), this completes the proof.
Constant equivariant super loops and the equivariant Chern character
An equivariant loop is a path γ : R → M and a group element g ∈ G such that
Given an equivariant vector bundle V → M and a linear map V γ(0) → V γ(1) between fibers from parallel transport, we get an endomorphism of V γ(0) by composing with the map g : V γ(1) → V γ(0) gotten from the equivariant structure. This gives a version of equivariant holonomy. This seems to be a well-known object, though we have been unable to pinpoint its origin.
We can repackage an equivariant loop γ as above in terms of maps S 1 → M / /G: this has as data a principal G-bundle P → S 1 with a G-equivariant map φ : P → M . If we equip P with a connection and choice of basepoint p ∈ P , there is a unique lift of the standard covering map R → R/Z ∼ = S 1 to a path R → P . Denote the composition R → P → M by γ. Since the lifts of 1 ∈ R and 0 ∈ R are in the same fiber of P and φ : P → M is G-equivariant, there is a unique element g ∈ G such that g · γ(1) = γ(0). This gives the equivariant path of the previous paragraph one which the equivariant holonomy is defined.
Below we construct a super equivariant analog of the construction above. The output is a function on constant equivariant super loops, which we identify with a subsheaf
We identify this function on sL 0 (M / /G) with the bouquet of Chern characters.
Constant equivariant super loops.
Definition 4.1. An S-family of equivariant super loops in M is (P, A, φ) where P → S × R 1|1 /Z is a G-principal bundle, A is an S-family of connections on P , and φ : P → M is an equivariant map.
Lemma 4.2. An S-family of equivariant super paths (γ G , A) and an S-point h ∈ G(S) determine an S-family of equivariant super loops if A is invariant for the action (10) of gauge transformations by h and γ G is invariant under the Z-action determined by the standard Z < E < E 1|1 -action on R 1|1 and the Z-action on G × S generated by h
/Z × S with the property that A descends to a connection on P and γ G descends to an equivariant map P → M on the quotient.
Unlike the nonequivariant case, constant equivariant super paths are not automatically equivariant super loops. There are two reasons for this: (1) an equivariant loop is more data than an equivariant path (we need to specify h ∈ G), and (2) there is a nontrivial condition to promote a constant equivariant super path to a constant equivariant super loop.
Definition 4.3. The presheaf of constant equivariant super loops is the sub presheaf
for which the S-point of g × SMfld(R 0|1 , M ) ∼ = sP 0 (M / /G) together with the S-point of G define an S-family of equivariant super loops in M as in Lemma 4.2.
Explicitly, this subsheaf is characterized as having S-points h ∈ G(S), a ∈ g(S) and
(1) Ad(h, a) = (h, a) where Ad : G×g → G×g is the Cartesian product of the projection G × g → G and the adjoint action G × g → g;
(2) there is a factorization R 0|1 × S → M h ⊂ M through the fixed point set of h.
There is a projection map sL 0 (M / /G) → G, and we think of sL 0 (M / /G) as a sort of bundle over G. The total space is typically not representable, as the fixed point sets M h need not vary continuously with h ∈ G. However, for each h ∈ G we get a representable fiber
where Z(h) ⊂ g consists of the Ad h -invariant subspace of g.
4.2.
Super holonomy on constant equivariant super loops. Let (P, A, φ) be an equivariant super loop in M . A basepoint p ∈ P determines a lifting exp(D A ) of the covering map S × R 1|1 → S × R 1|1 /Z to P using the connection, 1 and we have the composition
Let V 0 denote the fiber of γ * 0 V at {0} × S and V 1 denote the fiber at {1} × S. By Proposition 3.6, the restriction of equivariantly super parallel sections to the source R × S of (14) satisfy an initial value problem. Hence they determine a linear map V 0 → V 1 over S sending initial conditions at t = 0 to their solutions at t = 1. Moreover, the image of {0} × S and {1} × S in P are in the same fiber, so they differ by a unique element g ∈ G(S). Using the equivariant structure on V and that φ is a G-equivariant map, g ∈ G(S) defines a linear map V 1 → V 0 over S. Lemma 4.5. For an S-family of constant equivariant super loops determined by h ∈ G(S) with connection associated with a ∈ g(S), the group element g ∈ G(S) in the definition of super holonomy is h · e a ∈ G(S).
Proof. We start by considering an S-family of constant equivariant super paths,
where exp(D A ) is a super path lifting. Post-composing γ 0 with the projection to g × G, the image of {1} × S differs from the image of {0} × S by e a ∈ G, for a ∈ g. In particular, the action of e a on the image of {1} × S in M is the image of {0} × S under γ 0 , where we have used the trivialization of the G-bundle to identify fibers.
Given an equivariant super loop, we have the additional data h ∈ G(S) that generates a Z-action with quotient P = (G × R 1|1 × S)/Z. This h ∈ G(S) is precisely an identification between the fibers over {0} × S ⊂ R 1|1 × S and {1} × S ⊂ R 1|1 × S. Taken together with case where we use the trivialization to identify fibers (i.e., when h = e), the unique group element identifying the images of {0} × S and {1} × S is the product, h · e a , proving the lemma.
Proof of Theorem 1.1. Before taking a trace, we construct a linear map related to the super holonomy on constant equivariant paths equipped with a choice of g ∈ G, i.e., on
This yields a map between different bundles that when restricted to the constant equivariant super loops gives a section of an endomorphism bundle. In the notation of (15), we consider γ G • γ 0 for S = sP(M / /G),
1 Explicitly, exp(D A ) sends R 1|1 × S to the E 1|1 -orbit of the basepoint for the action generated by D A .
We can identify this composition with
where exp : R × g → G is the exponential map (t, a) → e −ta , and pr : ΠT M → M is the projection. From Proposition 3.8, the initial value problem for equivariant super parallel transport has solutions
for the initial condition s 0 (0). As t varies, this gives maps between the pullback of V to {0} × S and the pullback of this map post-composed with the action of e −ta on M . When t = 1, we get the map
From the definition of equivariant super holonomy together with Lemma 4.5, we postcompose the above with the action µ V h·e ta : V 1 → V 0 . Letting h vary, this gives
where L V a generates the a-action on V . This gives the section in the statement of Theorem 1.1. Now we restrict the above to equivariant super loops for a fixed h ∈ G. This requires Ad h (a) = a and SMfld(R 0|1 , M h ) ⊂ SMfld(R 0|1 , M ). From the definition of equivariant super holonomy, we obtain
Here it is important that the action µ V (h) is through endomorphisms of the restriction of V to M h . The traces of the endomorphisms above are precisely pieces of the bouquet of differential forms comprising the bouquet of Chern characters of (V, µ V , ∇); see A.3.
Remark 4.6. If we consider constant equivariant super loops of circumference rather than circumference 1 and we set h = e, then the super holonomy is The coefficient of above is precisely the equivariant curvature. In this sense, equivariant super parallel transport around infinitesimal loops is the equivariant curvature.
Appendix A. The bouquet of Chern characters
Following [BGV92] , for (V, ∇) an equivariant vector bundle with invariant super connection, the equivariant curvature is a differential form-valued function on g whose value at X ∈ g is F (X) :
where L V (X) denotes the infinitesimal G-action on sections of V by X. The delocalized Chern character of (V, ∇), as studied by Block and Getzler [BG94] and Vergne [Ver94] , takes values in a somewhat sophisticated version of equivariant de Rham cohomology that we review now. Definition A.1. A bouquet of equivariant differential forms on M assigns to each g ∈ G a closed equivariant differential form α g ∈ Ω • cl (M g , Z(g)) satisfying
(1) h · α g = α hgh −1 for all h ∈ G and (2) for sufficiently small ∈ R, for all X, Y ∈ Z(g) we have an equality 
